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the setting
let K be an algebraically closed field withnontrivial valuation

Val K Rupp
a imageofaer

inRicME I
Tual K is

thesplitting w twval K Pval IR val owl w
value group

Ex K 33 tiny fieldofPuiseuxseries

The ring Rk cek val c 203 has a unique
maximal ideal My CEK valle so denote

1K Rk my residuefield
the goal
Reinforce that tropicalgeometry is a marriagebetween algebraic and polyhedralgeometry

thecotpeetrnhye.gr
ries a polyhedral

ICONTENTI
I Tropical hypersurfaces
ii Kapranov'sTheorem

iii The Fundamental Theorem
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i Fix f 2 Cux e K K x fi XE

I
nite

def the Localization of f is givenby
trop f w min recent.tw i wit IEwn

performadditions multiplications in tropical semiring
Ex K 01 33 f xty 1

trop f W min Wi Wz 0

Remark The tropicalpolynomial is a piecewise linear
function 112 IR

Recall the classical varietyof f e K Xt is thehypersurface
in the algebraictorus In K over K

V f ve In f u 03
we now tropicalize this notion

def the taleypersurface trop V f is givenby

trop V f WEIR minimum oftrop f is achievedat leasttwice

Let's interpret achieved at least twice

K Q 2 adic valuation

f 8 3 2 2 trop f min 3 3x x 13
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trop V f

Q where is min 3 3x Itx 13 achievedtwice

A 1,0
In general trop V f is the locusofpointswhere
the piecewisefunctiontrop f failsto be linear

Recall also the followinggadget

inw f Σ E

caxnav.IEii

Remark The function of the normalizingfactor
f valcon is to preserveall terms cux
forwhich val Cn w n trop f w
underRK Rk Mk

Such terms are the tropicalanalogneof
leading termswith respectto a monomialterm order in the classicalGrobner

theory sense
the weightw togetherwiththevaluation
controlwhichterms are leading

def For I an ideal in Kl inn I inw f fe IY next
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def For p a tropicalpolynomial we wedenote
V p WEIR the minimum in p W is

achieved at least twice

Ii The Kapranor Fix a Laurent polynomial
f Ifnx in Klx Thefollowing threesets

coincide
1 trop VCF IR

F ii I Emaes
Ex let K 41 33 and f xty 1 KLX y I
Then trop f min x y 0 so

7 a 0 azo v 0 a azo u c a a azo

Let's compute 2 and 3

Fix at Rio
W a 0 troplf w 0 NOT A

incao f 4 1 MONOMIAL

2
I
II 1

MINIMAL

w a a trop f W a NOT A

inta a If xty
MONOMIAL

W 010 trop f w 0 NOT A
incoro f xtyt Monomial I
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E 2 Excuse check 2

we have V f x y f x y 1 0

x 1 x x k 10 13

3
tech vac i x o f

valle valex if vallx to
0 a if 1 at HOT

0,0 else

Ranging over Kl 0 13 and taking closure weget
3

1 2 3

11 11 wetropcvifn mtnkiaeccastu.ws
achieved at leasttwice
in w f Σ

u valcca tu w
trop f Wis not a monomial
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3 1 Note trop V f is closed we will see
that it is the support of a polyhedral
complex of dimension n 1

so fix Val Vi Val un Fcu 0

Recall
lemm a2 li valca tvallb valcatb min valCa rallb

Then val Σ Cnv Val FCV by valcourn
u Cn to

min valcour min valccu uv3achieved twice else youcould iteratively add
minimum to every other term and retain the
minimum value for Val f VI

1 3 Omitted see Proposition 3.1.5

Slogan zeros of initialforms lift to zeros off

Two final polyhedral geometric thoughts

Proportion For fe klx a Laurentpolynomialtrop V f is

the supportof a pure Tual rational polyhedral
complexofdimension n 1 It is the n 1 skeleton

of the polyhedralcomplexdual to the regularsubdivision of theNewtonpolytopeof f given
byweights ral Cu on the latticepoints in Newt f

a special case
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Proposton If val Cu 0 for tu then trop Vlf is
the supportof an n 1 dimensional
polyhedral fan which is the n 1 skeleton
of the normal fan to the Newtonpolytope
of f

a n 2

oftenNewt xty 1

The vertices of the Newton polytopeof are the
exponentvectors
Elementsof the normal fan are thoseweightvectors
linear functionals whose minimizers leading
terms in the initial form liealong a faceofNewtf
that is no single term which we identifyby itsexponentvector u uniquely minimizes u W

Iii The Fundamental Theorem
of tropical algebraic geometry

def let I be an ideal in K x and VCI be its

variety in The tealization trop X is the

intersectionofall tropicalhypersurfacesdefinedby
FEI trop X trop Vlf R
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Patchdef V E sotrop x dependsonly onthe

we call a tropicalvariety in IR any subsetofthe
formtrop X where X is a subvarietyof for Kwith
valuation

Q Can we realizetrop x with finitely many intersections
A Yes

def let I be an ideal in K x A finitegenerating
set Tof I is anabasis if wEIR FEI forwhich the minimum in trop f w is achieved only
once iff g e T for which the minimum in trop g W

is achieved only once

A fate collection which still captures an accurate
tropical portrait

Tropicalgeometryconcerned with weightsWEIR
forwhich Inw I is a proper ideal m x a

tropical basis captures this information
Tropical bases are analoguesof Grobner bases in
that bothfurnishfinitesetsof data encoding all

ideal degenerations under leading term operations

Thm_ Every I KCX admits a finitetropicalbasis
Corollary trop X tropcu f

Ex K t I xtytz xt2y Then

trop V x ytz X Y z EIR x y z or y z x or x z y
trop V X Zy x y z ERS y
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trop V Xty z n trop V x Zy
f x y z E 1123 x y z

However ty z Xtry Z Y EI and
trop V Z y X Y Z ERS Y Z

but 11112 trop V z y hence we often need
to consider intersections over an enlarged bans of I

intersectmore thmanthegiven hypersurfaces

So xtytz try is NI a tropical basis

inulin xtytz Zy xty contains no
monomials while incl1,2 I a y

Thm FundamentalTheoremofTropicalAlgebraic
Geometry

Let I be an ideal in K x and X VCI its variety
in the algebraictorus In K Thefollowing three
subsets coincide

1 trop X
2 IN ae

h inwLI 411 In

3 c cva i.valunl.ca un ex 112

Note inn I 1 Iff FEI inulf is a

unit i e a monomial
i e minimum oftrop f wachieved at least twice



















































































































































so thank
your


