
K = alg. closed field w/ val: * → IR

leg. K= ait) K-① . vall feet)) is the order of vanishing at 0 ).

Fix polyn. ring K [f) in (A) variables .

I = {Ps: Ie (ER)} each variable indexed by d- subset of En].

Idin = Plicker ideal.

Def. The tropical Grassmannian Gdin : = the tropical variety > (Idin)

= {we #(nd) : inw (Iden) contains no monomials}

Sime KIF)/Ian has knot-dim (n-d) dtl,

the twopical Grassmannian Gain is a polyhedral fan in R'")

pure of dim (n-d) dtt. (structure them. from Grant's talk

Fix it [n), denote Ii ∈ IRC"a) the veeter

(Ii) z = . its
0. else.

Then ∀ we IR"), we T(Idin)

This is b/c Gridin) is torus -invariant

⇔ each i appears the same number of times in each monomial

in any plucker relation

∀ fe Idin.

⇔ wt 1i ← TCIdin)

123-4 BY IYL

⇔ inw It) = inwtzi.lt)

Thus, consider the linear map 9: IR" ↳ 12ᵗʰ) sending

ei ↳ Ii

Y is obviously injective. ( Y (Iaiei) 

Z 3

1 2

13

$4

is

N

34

4-

⇒ Ezai-o ∀ Ice?)

→ ai= a ∀i ⇒ a:-O ∀i.



Im ∅ is

Conclude that

an n-dim linear subspace of IR'") contained in

In particular, the allt vector (1.1 -- 1) ← R(¼)

= 4. I 1i ∈ Imd.
ieen)

A all cones in Gdin.

Def. ↳ 'din: = Gain/span-{chi--113 is a polyhedral fan of dim den-d) in 1R"%pan{a- ,

din-d) +1-11

(d- is.in-d-1) in IR'Hang.• Gain Gan/Imp is a polyhedral fan of dim

- Gain Gain n unit sphere is a polyhedral complex

Each maximal fare is a polytope of dim din-d) -n = this number - 1.

FI. 22.4 = (Piz 134 - Pis Pry + Pix/2237

42.4 CIRS consists of 3 comes 1124×1130. glued along 124 = imy.

¼

G. ¼ =3 pts.

WIZ + V34 = Wi} + Way ≤ Wix + Waz}

and contains

We/RO :

span { enters tely , ertezztery­


eiztezzte34.at try tesy

is 5- dim.

after grotiently out IRY-worth of imy,

pick basis er , 113 .

= imy =RY

e. =

CF {a. et + bies:

ez =

ez =

a = b ≤ 0

a =D ⇐ b)

≤a}b-o

⇒
G ¼ -

ñ

813



Thy [Speyer - Sturmfels]

The polyhedral complex Gain is the simplicial complex

# vertices = 2"-n- 1

# facets = 1.3.5 - (2n-5)
> flag complex

Gi"n V ch-2) ! spheres of dim n-4. , minimal nonfaces are pairs of vertices.

homotopy

Tn of phylogenetic trees

If. 1° Construct In as abstract simplicial complex,

2° realize it geometrically in 12ᵗʰ) l.my.

3° show that it agrees w/ Gain.

step 1°. Vert (Tn) = set of unordered pairs {A. B}, where AIB = En]

1A).. 113) 32

/Vert (Tin) = 2nd-n →

• E (Tn) = {A. B} - {A'. B'} if

ACA' or ACB' or BCA' or BCB'.

• Tn is a flag complex

i. e. G c Verthn) is a face of

∀ {{A. B}. SA'B'}} C 6,

• Each face G is labeled by a semi-labeled tree on In] sit. internal

15/234

{A. B}-{A, B'} ← E (Tn).

vertices have 23 edges.

eg.
2

3

45

labels the vertex {15, 234}

Z

s

3

4

labels the vertex {15,343

Z

345

5 4

labels the edge

connecting them.

each internal edge

gives a cut on In].



facets > semi-labeled trivalent trees on in] , size can-5)!!

each facet has size n-3 = #internal. edges of a trivalent tree on n 2 vertices

⇒ In is pure of dim n-4. (matching dim Gain)

1:)

sep 2 We describe an embedding of Tn ↳ RE)/image of

by embedding maximal cones. Be , labeled by a trivalent tree 6

Inin-3) .

Def. A realization of the tree 6 is a CW-complex in IR? realizing the graph 6,

Given realization , define dii.j) = length of unique path from i to j.

index boundary vertices. pts

Set Be {(wig) ∈ 12ᵗʰ) : ∃ realization of 8 sit. wig = alij) fig

+ imy

BG is a (one in 12ᵗʰ)

Co = Be/ imy

shouldn't worry about it

too much.

addry (my) 30 means addry length of

"leaf edges"

we add imy so that we can take quotient
2 assignments of edge lengths

are identified if they only differ at" leaf edges".

assigning length to edges

# internal edges

Thy. C is a simplicial core of dim 16/ w/ relative interler Co.

{CT}, as 6 range through all trees, is a simplicial fan.

Claim: Bo is cut out by the 4- leaf condition:

∀ ij.k.li min { Wift Wke, Wil + Wkj • , Wik + We} attains twice.

i I

k

① find unique path l→j

② find unique path e→i , l → K., find the points where poth
divide.

③ in this case, dlik) + diej) = dli.gl + die.k) ≥ d(i. e) edlj.ie).



Thus, we showed that these conditions are necessary.

sulficiency is proved by explicitly constantly a tree from" Additive linkage algorithm" .

→ BE, ☐ one simplicial cores.

Now. BT = imy + Rso - EA. B {A. B} 66}

where EA. B = ,# eij > basis vector in 12ᵗʰ)

JEB

i. e. assign positive length EAB for each internal edge realizing the cut AIB.

b/c the edge AIB appears in dili.)) itf

i. j is separated by this partition.

This if 6. I are 2 trees

Gnt is also a tree (b/c In is a simplicial complex)

from this, BE n BT = Bone ☒ .

Lf We get a simplicial fan {6}, pure of dim n-3.

step 3: We need to show that this simplicial fan = Gin.

We know that 22in consists of guedrics Pay Pre -Pik Pie + Pie Pjk .

thus, vanishly of Vhop ( )) is exactly the 4- leaf condition

on ij.k.li
⇒ every relative open core of Gin ≤ Co for unique 62

can be constructed using Additive

Linkage algorithm.

To show that CG's are actually a core in Gain,

sulfus to show it for 6 maximal faces (ble to NG -Cont )

By defn, this means that

fix any trivalent tree 6 and

inw(12in) = 36 ↘ < pig pre- Pikpie
we know ≥

weight veeter We 6 (realized by assigny Koo

• lengths to edges

{{i. l}. {j.kz} is a 4- leaf subtree of °}



• We show that two ideals have a common initial monomial ideal. went. some

( {inf} generate in I ⇒ Sf} gens I}

monomial orderry.

Pick it to be Scire

whee cross terms dominate

:

j

l

turns out: Scire refues

to see this. realize the trivalent thee 6 as a planar trivalent tree.

Then, for any 4-vertex subtree

i j

Lw

e k

[if] [kl] - [ik) [je] + Till Ejk]
≤w

Scire

so in scire (inn (Ian)) = insure (Ian)

classical result from invariant they

- ( Tik) tje) 7

≤ incare (Jn).

→ in w (Ian) = 36. ☒ .

Nete: generators in Jo has only II coelfants

⇒ Gain doesn't depend on char k.



map
we G'a. n

fan of dim din-d) in R"/RCH--1)

To Lw = A V(Top/ Σ Weiss. Xj)
Je (EE) jo]

the tropical plane comspondry to a realizable valuated matroid

d ( ] matrix representy pt in Gldin).

t, f ✗ n

condition: (Xi-Xn) ∈ how span.

Need to show: W ↳ Lw is injection.

To reconstrut (wig) E 12ᵗʰ)/Run-1) ,

sulfires to reconstruct Wzuss} - Wausk} for 12/ = d- 1.

from • Lw. play in Xj= #and

obtained by solvy linear system

before tropicalization.

has a solution sit. Xj≤M ∀j∉1.

Recipe: Fix large MEQ.

Lw n {Xi=M: IEI}

dim d- 1 dim n-d +1

consider

Then, Σ wzusj.kz-e te

LE ZU {jik}

WIuj ✗ K Wzuk Xy

⇒ Wavy- Wok = Xj-Xk.

has leadry term

and

coordinets of intersection.  .


